Following a brief summary of Horn's theory, the geometry of an n-step titration is presented. This suggests a simple and accurate method for the determination of pK-values from concentration measurements. Mathematically, the affine invariance of barycentric coordinates is exploited. Formal analogies between titration process and kinetics are discussed.
Introduction
Recently the work by Horn, Jackson, and Feinberg [1] [2] [3] [4] [5] has led to a reformulation of polynomial kinetics under the name of general mass-action kinetics.
An essential step in this direction was an ingenious new notation which allowed to write down all differential equations in a certain matrix form, called the Horn-equation (by Müller-Herold 6 ). The equation allows to discuss all chemical reaction systems of the well-stirred type, no matter whether closed or open, and whether exhibiting exotic phenomena or not. An important subnotion in Horn's theory is that of a reaction simplex, at first introduced into the theory of monomolecular reactions by Wei and Prater 7 .
As an example for the practical applicability of the Horn-equation (and as a first step toward the solution of the problem of how to determine all rate constants in an arbitrary reaction network), the determination of px-values of an n-step titration may be chosen. This is a sequence of reactions which may be considered in isolation (so that the equilibrium point of each can be determined separately). Nonetheless, the potential use of Horn's theory for experimentalists in more general cases will become apparent.
At first, some of the results of Horn, Jackson, and Feinberg are to be reproduced for later use. Then we will briefly describe the titration process in terms of Horn's theory. The main part will be devoted to the description of a method for determining PK-values of an n-step titration, followed by an ap- plication of the results to the spectrophotometrical determination of pK-values. Finally, an analogy between titrations and more general reaction trajectories will be pointed out.
The Horn-Equation
Consider a homogeneous chemical reaction system at constant temperature and volume, containing n different chemical species. We may build up a real vector space V, called species space, by assigning to each species, i, a natural basis vector such that e, = (0, ..., 0, 1, 0, ..., 0) T , with the £ th component equal to one, and all other components equal to zero.
The rates of change of the reacting species may then be written as
c=f(c)=i 2 t a( c ){y l~y ty»
(1)
where C(f) = [cj (<),..., cn(f)] T is the concentration vector at time t. In this equation, the y l are called complexes. They correspond to the stoichiometric vectors on both the right-hand side and the left-hand side of the reaction scheme; i.e., they are linear combinations of the species vectors according to the stoichiometry of the reaction. The function f(c) is called the species formation vector. The rij{C) are the elements of an n x n-matrix Recalled the rate matrix. It is given by
where K is the matrix of rate constants and dg denotes the diagonal matrix built up by the nextfollowing vector.
Defining now m
and, if Y is an n x m-matrix, c y =(c*\c (4) we may, using a matrix A defined by 
From the definition of S and Eq. (1) it follows that 1(C) e S for ceV + , (10) or, taking into regard the initial concentration C0,
where C0 + S is the translation of S by the initial concentration C0. The intersection of C0 + S with the non-negative orthant of V, V + , will be called reaction simplex a. According to Eq. (11), all reaction paths [see Eq.
(1) ] are confined to o.
The Titration Process
Consider now the following titration reaction scheme
and let A" + i: = H + . Then system (12) is an n-step protolysis reaction. (Hereby omission of the reaction H + + OH --> H20 is justified by the assumption that the concentration of H20 is constant throughout the w T hole titration.)
The set of complexes for this reaction is given by % = {A",..., Ai, A"_i +A" + i,..., A0 +A" + 1) = u^ t=i (13) where #j = {A,-, Aj_i + An + i} are the n linkage classes of the system. The stoichiometric subspace S is built up by the linear span of the stoichiometric subspaces S, according to . That is to say, s= 2 s f i = 1 (14) or, more precisely, because SjH Sj + i = {O}, i = l, ..., n:
'i = 1,..., n, © denoting the direct sum.
Each stoichiometric subspace Si is built up by a vector consisting of n + 2 components, where the I th component equals -1, the (i-l) th and the (n + 2) th components equal 1, and all other components equal zero.
The initial concentration C0 then defines an n-simplex o n in V + cR n+2 , given by o n = V + n (c0 + S) .
This means that o n is restricted to the non-negative orthant of V.
If we now start the titration at pn = 0, then the initial concentration C0° is given by c o° = (1j 0, ..., 0,10°) T , n assuming that the total concentration of A = 2Ai i = 0 is set equal to 1, without loss of generality. We find an equilibrium composition on o0" by virtue of f(c)=0.
We may now increase the pn-value, so that pn = 2, say. The new initial concentration C0 2 on o2 n is then given by C 0 2 = (1,0,..., 0,10 _2 ) T , and a new equilibrium point on o.2 n according to this initial composition is found as before.
The reason for the differing positions of o0 n and o2 n in V + is that by changing the pn-value, o n has been displaced in parallel to the pn-axis according to the initial concentrations.
This process has been depicted in Fig. la 
Determination of pK-Values
Now let us determine what the picture of the equilibrium points of an n-step titration looks like.
We start the reaction from C0 =
2=0
(A",...,ph) and change the pu-values continuously. Then we project the so obtained curve in V + in parallel to the pn-axis onto o n .
Setting f(C), taken from Eq. (12), equal to zero, we obtain the equilibrium concentrations Xj as functions of the pj£-value: 
where K0 = 1 by definition and Kv = 10~P K '. When dealing with simplices, barycentric coordinates are the most convenient coordinates to use (cf. 8 ). The components of X(h) can be represented within barycentric coordinates. The n-simplex o n has n + 1 vertices, p,, i = 0,1,..., n. The p, are the natural basis vectors in the species space V + in which the simplex is imbedded. Thus,
A point X(h), for which A; = A,_i is valid, is then given by that particular A-concentration for which
X(h) =Xn(h)pn + ...+Xi+1(h)pi
+ 1 + 2 Xi(h) (Pi + Pi_!) + )H_2 (h)Pi_2(20)
+.. . + X0(h)p0.
This means that, in order to determine px-values, we have to look for those parameter values h for which X(h) is also a point on of 1 ' 1 , i=l,...,n. The intersection of the curve X(h) with the simplex Oi 1 ' 1 gives us the pK-values. In the case of a triangle (a 2 ), the simplex a 1 simply is a straigth line, namely one of the meridians, a" -1 is generally given by
In other words, when analyzing an n-step titration, we just have to determine n (n -1)-simplices and to look for those A-values for which /(A)ear 1 .
So, the pK-values are given by 
For a two and a three step titration, this method to determine pK-values is represented in Figure 2 .
In the general case of an rc-step titration, the corresponding 7z-simplex is impossible to visualize. Then the triangles may be strung together, and the px-values be determined as before. This procedure is illustrated in Figure 3 . Notice that all pK-values are represented at least twice. So each pK-value may be determined (revised) in a multiple way. This enhances the experimental accuracy. 
Determination of pK-Values from Spectrophotometric Data
The method of meridians is very useful also when we cannot directly measure the concentrations of the A;. In a spectrophotometric titration 9~12 , for example, we only can measure the absorbance E at various wavelengths in dependence on changing pn. Formally, we get a linear combination of the equilibrium concentrations (A), when measuring Ea(h) (the subscript a denoting the wavelength) :
. + ean An (A) . (24)
In order to analyze an rc-step titration, we have to determine Ea(h) at n different wavelengths.
Quite in general, the following equalities pertain: Therefore, supposing we know all of the sai, the PK-values can again be obtained directly by use of the meridians as described above. Instead of the li, just the measured absorbances Ea{h) have to be inserted. In Fig. 4 , an example for the analysis of a 3-step titration according to this method is given. The data used stem from 9 . 
where c,(oc) denotes the concentration of C; at equilibrium. This is a measurable quantity. Using this information, it is possible to compute "backwards" for the underlying rate constants 13 .
Discussion
Besides the Potentiometrie determination method, the determination of pK-values by spectrophotometric methods is well-established 14 ' [8] [9] [10] [11] . The method for analyzing titration curves on the basis of spectrophotometric data described in the present note allows to make optimum use of the available information. So far, due to the lade of a comprehensive theory of reaction networks, always only partial use could be made of the experimental data. The method has the further asset that the pK-values are determined, not in a "single shot", but by way of multiple checking (using the projections of the titration curve on the triangular faces of the reaction simplex). The underlying theoretical concepts are provided by the general theory of mass-action kinetics developed by Horn, Jackson, and Feinberg [1] [2] [3] [4] [5] .
A second major advantage of the described method is its convenient applicability. For the notion of reaction simplices enables the use of barycentric coordinates. Due to the affine invariance of these coordinates, indirectly measured quantities (like absorbance) can be used in the same right as directly measured concentrations. This is because the geometric locus of distinguished points (such as intersection points, etc.) is not affected by such transformations. This equivalence is reflected in the structural identity of Eqs. (19) and (24). The same reasoning can apparently be extended to the determination of rate constants.
